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Abstract

In order to deal with covariate shift in classification problems, we propose a novel
method to discriminatively reweight the training samples through estimating the
density ratio between the joint distributions of the training and test data for each
class. The proposed algorithm is an iterative procedure that alternates between es-
timating the class information for the test data and estimating the new class-wise
density ratios between joint distributions. Experiments on synthetic and bench-
mark datasets demonstrate the superiority of the proposed method in terms of
both accuracy and robustness.

1 Introduction

Learning algorithms that demonstrate some degree of “adaptivity” to cope with distribution changes
have attracted intensive research under the names domain adaptation [1, 2], transfer learning [3], and
concept drift [4, 5]. One particular case is the covariate shift problem [6, 7], which assumes that the
marginal distributions are changed between training and test data (pts(x) 6= ptr(x)), while the class
conditional distributions are not affected (pts (y|x) = ptr (y|x)). To compensate the distribution
gap between the training and test data, the objective of model fitting is modified to minimize the
weighted error or error risk, where the weight of the training sample is justified using its density
ratio [6], i.e., β(x) = pts(x)/ptr(x). Therefore, the solution to covariate shift is formulated as:
estimating the marginal density ratio and applying some cost-sensitive learning techniques [8].

There are two groups of methods for Density-ratio (DR) estimation in the literature. One is a two-
step procedure: first estimate the training and test probability densities separately and then divide
them. The second group of methods estimate the density ratio directly in one step. These one-shot
methods achieve more accurate and robust results and are considered the state of the art in density-
ratio estimation [9, 10, 11, 12].

In the literature, the aforementioned reweighting of training samples according to the density ratio is
examined in a wide range of applications, including both the regression and classification tasks. We
have seen these reweighting methods performing well in many regression tasks. However, existing
research and our experiments found that these methods do not yield satisfactory results in classifica-
tion scenarios. And in many cases, they even recorded worse prediction than the simple unweighted
approach. This motivates us to investigate the covariate shift classification problems in this work.
Our key observation is that these conventional density-ratio methods focus on matching the train-
ing and test distributions without paying attention to preserving the separation among classes in the
reweighted space. So these traditional density-ratio estimation methods may deteriorate the discrim-
ination ability even if the marginal distributions might be matched well in general.

In this paper, we propose a novel method called Discriminative Density-ratio (DDR) estimation
that addresses the aforementioned problem and aims to estimate the density ratio between the joint
distributions in a class-wise manner. To do so, we divide the task into two parts: (1) estimating
the density ratio between the training and test data for each class; and (2) estimating the class
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prior changes for the test data. As the class labels for the test data are unknown, the proposed
method is based on an iterative procedure, which alternates between estimating the class information
for the test data and estimating new class-wise density ratios. In comparison to the conventional
approach which matches sample’s marginal distributions, the proposed class-wise matching method
has two benefits. First, it allows relaxing the assumption of the covariate shift that pts (y|x) =
ptr (y|x) and accordingly captures a mixture of distribution changes. Second, it focuses on the
classification problems and considers preserving the separation among classes while matching the
shifted distributions. Our experiments on synthetic and benchmark data confirm the effectiveness of
the proposed DDR algorithm.

2 Discriminative Density-ratio Estimation

Our proposed approach for discriminatively estimating density ratio uses an iterative procedure, in
which the class labels of the test samples are estimated using the updated density-ratio estimates and
in turn the density ratios are estimated in a class-wise manner. With the empirical risk minimization
framework [10], when we are facing the case where the training distribution ptr(x, y) differs from
the testing distribution pts(x, y), in order to obtain the optimal model in the testing domain θ∗ts, we
can derive the following reweighting scheme:

θ∗ts = argmin
θ∈θ

Rts [θ, pts (x, y) , l (x, y, θ)]

≈ argmin
θ∈θ

1

ntr

∑
(x,y)∈πtr

pts (x, y)

ptr (x, y)
l (x, y, θ) . (1)

Instead of assuming unchanged class conditional distributions and simplifying Eq. (1) into the
density ratio of x, we decompose the joint distributions from the perspective of class likelihood and
define a more general weighting scheme w to reflect the density ratio of joint distributions as

w =
pts(x, y)

ptr(x, y)
=
pts(x|y) · pts(y)
ptr(x|y) · ptr(y)

. (2)

For a classification problem, assuming class labels are from a finite discrete set y ∈ [c1, c2, ..., cm],
then the density ratio of joint distributions can be evaluated in a class-wise manner as

wci =
pts(x|y = ci)

ptr(x|y = ci)
· pts(y = ci)

ptr(y = ci)
i = 1...m . (3)

Let β(x|y = ci) =
pts(x|y=ci)
ptr(x|y=ci) be the density ratio for class ci , and γ(y = ci) =

pts(y=ci)
ptr(y=ci)

be the
ratio that reflects the changes of priors. Then, Eq. (3) can be written as: wci = β(x|y = ci) · γ(y =
ci). As a result, we can induce the weights for all training samples in this class-wise manner, which
reflects the changes of the joint distributions between the training and test data. Now, estimating
the density ratio of joint distributions is divided into two sub-tasks: the estimation of the class-wise
density ratio β and the estimation of the prior-ratio γ. As the test data do not have label information,
in order to proceed with the class-wise matching, we propose an iterative procedure that alternates
between estimating the class information for the test data and estimating new class-wise density
ratios. The success of this iterative procedure greatly depends on two proposed components: (1) a
soft distribution matching algorithm which incorporates the posteriors of the test data and, (2) an
effective mutual information based stopping criterion. The details of the iterative produces as well
as the two components are explained in the rest of this section.

Iterative Estimation Procedure. The iterative procedure proceeds as follows (see Algorithm 1):

• The procedure begins with learning a classification model based on the training samples
{Xtr, Ytr} whose weights are set to 1 (w(0) = 1) in the first iteration (Step 3).

• The classification model is then used to estimate the posteriors of the test data. It is noticeable
that there is a distribution change between the training and test data, but we assume that the model
can still give reasonable predictions for the posteriors of test samples [13] (Step 4).

• The class-wise density ratios are then estimated. Since the test data has extra information which
is the posterior probabilities, we propose to utilize this extra information by extending the current
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Algorithm 1 Discriminative Density-ratio Estimation
Input: Xtr, Ytr, Xts

Output: w(x), x ∈ Xtr

Steps:
1: initialization: w(0) = 1; t = 0
2: while stop-criterion-not-met do
3: learn a model θ(t) = Learn(xtr, ytr, w(t))

4: predict p̂(t+1)
ts (y|x ∈ Xts) = θ(t)(x|x ∈ Xts)

5: estimate paired class: β(t+1)(x|y = ci) = SoftDR
(
Xtr, Ytr, Xts, p̂

(t+1)
ts (y|x ∈ Xts), ci

)
6: estimate γ(t+1)(y = ci) =

p̂
(t+1)
ts (y=ci)
ptr(y=ci)

7: update w(t+1) = β(t+1) · γ(t+1)

8: t = t+ 1

density-ratio estimation techniques to incorporate the weighted test data. The details of this new
method are explained in the soft matching section, named Soft Density-ratio (SoftDR) estimation
(Step 5).

• The new prior ratios are estimated using an approach similar to that of Chang and Ng [14], in
which we use the classifier’s prediction results to update the priors (Step 6).

• Finally, the weights of the training samples w(t) is updated (Step 7).

The aforementioned steps are repeated until a stopping criterion is met.

Soft Matching. Several density-ratio estimation methods have been proposed to estimate the im-
portance (weights) of samples, in order to match two shifted distributions. The core concept of these
methods relies on the kernel function to evaluate the similarity between samples, i.e. k(xi, xj). The
situation we face is that the test samples to be matched have soft decisions on the belongings to a
class. An extension to the above kernel function can be used to utilize this information. Assume
there are confidence scores (or probabilities) wi and wj associated with samples xi and xj . Let φ(.)
be the mapping function associated with the kernel. Then, the kernel function between two weighted
samples can be calculated as

k (〈xi, wi〉 , 〈xj , wj〉) = [wi · φ(xi)]T [wj · φ(xj)] = wi · wj · k(xi, xj) . (4)
Using the kernel of Eq. (4) with the original matching method allows the algorithm to perform
soft Density-ratio (SoftDR) estimation. Without loss of generality, we illustrate the soft matching
extension to uLSIF [15] at http://pami.uwaterloo.ca/˜mikem/DDR/Appendix.pdf.

Stopping Criterion. One naı̈ve criterion for stopping the algorithm is based on the convergence
of the weights, i.e.

∥∥w(t+1) − w(t)
∥∥ ≤ ε. However, we observed that this criterion only works when

there is a clear separation between classes. For real datasets, this criterion will usually lead to a poor
local minimum. Instead, we propose to adopt the Mutual Information (MI) [16], as an indicator for
a desirable location of the decision boundary. Maximizing this criterion implicitly means that the
output of the current model has the least amount of confusing labels and the classification decisions
lie at sparse regions. The MI between the test samples Xts and their estimated labels Ŷts using the
model’s output p̂ts is defined as

MI
(
Xts,

〈
Ŷts, p̂ts

〉)
= H(p̂0)−

1

nts

nts∑
t=1

H(p̂t) , (5)

where p̂t is the posterior vector for sample xt, p̂0 is the class prior, and H(.) is the information
entropy.

3 Experiments

We conduct two types of experiments: one on a synthetic 2-class 4-cluster data, and the other on
examining the sampling bias scenarios for the handwritten digit recognition tasks.
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Figure 1: Weighting training data with: the conventional Density-ratio (DR) estimator (left), and the
Discriminative Density-ratio (DDR) estimator (right).

Table 1: Classification accuracies over 30 runs for the USPS and MNIST datasets. For each data
set, the best-performing method in each test case (according to a t-test with 5% significant level) is
highlighted in bold.

USPS MNIST
Test Case Unweighted uLSIF DDR-uLSIF Unweighted uLSIF DDR-uLSIF

0 vs 1 0.9938±0.0024 0.9949±0.0019 0.9956±0.0019 0.9945±0.0018 0.9950±0.0019 0.9959±0.0014

1 vs 2 0.9913±0.0022 0.9915±0.0026 0.9946±0.0030 0.8952±0.0143 0.8801±0.0203 0.9620±0.0066

2 vs 3 0.8219±0.1127 0.8694±0.1065 0.9638±0.0073 0.7924±0.1963 0.8646±0.1501 0.8690±0.1505

3 vs 4 0.8151±0.1096 0.8344±0.1079 0.8864±0.1177 0.6577±0.1949 0.7309±0.2160 0.9006±0.1682

4 vs 5 0.7896±0.1884 0.8508±0.1741 0.9082±0.1413 0.6408±0.1884 0.6421±0.1860 0.7934±0.2169

5 vs 6 0.9581±0.0081 0.9508±0.0297 0.9747±0.0062 0.7979±0.1978 0.8888±0.1353 0.9477±0.0100

6 vs 7 0.8686±0.0455 0.8888±0.0598 0.9014±0.0494 0.6409±0.1748 0.7968±0.2165 0.9305±0.1512

7 vs 8 0.8935±0.1563 0.9597±0.0837 0.9670±0.0730 0.9488±0.0077 0.9513±0.0075 0.9680±0.0037

8 vs 9 0.9253±0.0415 0.9343±0.0408 0.9735±0.0066 0.8919±0.0732 0.8904±0.0758 0.9320±0.0082

9 vs 0 0.8007±0.0999 0.8499±0.1102 0.8233±0.1047 0.5533±0.1122 0.5377±0.0796 0.5529±0.1147

Synthetic Data Our first experiment is designed with samples generated from 2-d Gaussian mix-
ture models, in which both the class priors and likelihoods exhibit changes. Figure 1 illustrates the
difference of importance estimation results between the conventional DR and the proposed DDR
methods, and their classification boundaries. We can observe that the conventional DR method as-
signs higher importance weights to the misclassified blue points because they lie in a dense region of
test points (left figure), while our proposed DDR method assigns small importance weights to these
points and accordingly learns a much better decision boundary (right figure).

Digits Recognition with Sampling Bias. Further, we evaluate our proposed DDR method on the
handwritten digit recognition tasks for two popular datasets: USPS and MNIST. The covariate shift
classification tasks are formulated with the deliberate biased sampling selection procedures (follow-
ing the setup of [17]). The importance-weighted least-squares probabilistic classifier [18] is adopted
with parameters chosen by 5-fold importance weighted cross-validation [11]. Table 1 summarizes
the results of experiments considering the binary classification problem of distinguishing two con-
secutive digits. The results show that the proposed DDR approach significantly outperforms the
unweighted method and the conventional density-ratio estimator in almost all cases.

4 Conclusion

To cope with covariate shift in classification problems, we propose a novel method to estimate the
density ratio between the joint distributions of the training and test data in a class-wise manner.
Our method preserves the separation between classes while minimizing the distribution discrepancy
between the training and test data.
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